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Abstract
We derive an exact computable formula for fidelity deviation in quantum teleportation with an
arbitrary state of two qubits. As an application, we obtain the condition for universality: the
condition that all input states are teleported equally well and provide a necessary and sufficient
condition for a state to be both useful and universal for quantum teleportation. We illustrate these
results with examples from well-known classes of two-qubit states.
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I. INTRODUCTION
Quantum teleportation [1] is a fundamental protocol to transmit quantum information
using shared entanglement and Local Operations and Classical Communication (LOCC).
The protocol can be represented as an instance of quantum state transfer
|ψ〉〈ψ| ⊗ ρ LOCC−→ τ ⊗ ς, (1)
where ρ is a two-qubit entangled state initially shared between the sender (Alice) and the
receiver (Bob), |ψ〉 is the input state unknown to Alice, τ is the final state of Alice’s qubits
and ς is the final state of Bob’s qubit–the output state of teleportation. Note that, (1)
describes not only the standard protocol [1] but also any other protocol using LOCC [2, 3].
Teleportation fidelity
In the ideal scenario, the resource state is maximally entangled, and consequently, the
output is an exact replica of the input state. In practice, however, the available states are
noisy, and teleportation will not be perfect. Then the quality of teleportation with a known,
but otherwise arbitrary, two-qubit state ρ is given by the average fidelity [4]
〈fρ〉 =
ˆ
fψ,ρdψ, (2)
where fψ,ρ = 〈ψ |ς|ψ〉 is the fidelity between an input-output pair (|ψ〉〈ψ| , ς), and the
integral is over a uniform distribution dψ (normalized Haar measure,
´
dψ = 1) of all input
states ψ = |ψ〉 〈ψ|.
The average fidelity in general can be optimized over local unitary (LU) operations. In
particular, the maximal fidelity, achievable within the standard protocol and LUs, is given
by [2]
Fρ =
2Fρ + 1
3
, (3)
where Fρ is the fully entangled fraction of ρ defined as [5]
Fρ = max|Ψ〉 〈Ψ |ρ|Ψ〉 . (4)
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In the above definition, the maximum is taken over all maximally entangled states |Ψ〉 =
(U ⊗ V ) |Ψ0〉, where |Ψ0〉 = 1√
2
(|01〉 − |10〉) is the singlet state and U , V are unitary op-
erators. In this work, any strategy that achieves the maximal value (3) using the standard
protocol and LUs will be considered optimal [17].
From the definition of Fρ we see that for any ρ′ = (U1 ⊗ U2) ρ
(
U
†
1
⊗ U †
2
)
, Fρ = Fρ′.
Consequently, the maximal fidelity is also LU invariant, i.e. Fρ = Fρ′ . Then to achieve the
maximal value, the strategy is to find an appropriate U1 ⊗ U2 such that Fρ′ is attained on
the singlet state |Ψ0〉. One can in fact find such a ρ′–the canonical form of ρ.
The canonical form of a two-qubit density matrix is defined in the following way. In the
Hilbert-Schmidt representation, a two-qubit density matrix ρ can be written as [4, 8, 10]
ρ =
1
4
(
I ⊗ I + r · σ ⊗ I + I ⊗ s · σ +
3∑
i,j=1
tijσi ⊗ σj
)
, (5)
where r and s are vectors in R3, r(s) · σ=
∑
3
k=1 ri(si)σi, and the coefficients Tij =
Tr (ρσi ⊗ σj), i, j = 1, 2, 3 form a real 3× 3 matrix T (the correlation matrix) with eigenval-
ues, say, t11, t22, t33. Now one can always find [9] a product unitary transformation U1 ⊗ U2
which will transform ρ→ ̺ such that the corresponding T is diagonal, but with eigenvalues,
λi |tii|, i = 1, 2, 3, where λi ∈ {−1,+1}. In particular, λi = −1 for tii 6= 0, i = 1, 2, 3,
if det T ≤ 0; λi, λj = −1, λk = +1 for any choice of i 6= j 6= k ∈ {1, 2, 3} satisfying
|tii| ≥ |tjj| ≥ |tkk|, if det T > 0. The transformed state ̺ is defined as the canonical form of
ρ [18].
Now for a canonical ̺ the fully entangled fraction is given by [9]
F̺ =


1
4
(
1+
3∑
i=1
|tii|
)
if det T ≤ 0
1
4
[
1 + max
i 6=j 6=k
(|tii|+ |tjj | − |tkk|)
]
if det T > 0
, (6)
and using the relation (3) one obtains the maximal fidelity
F̺ =


1
2
(
1 + 1
3
3∑
i=1
|tii|
)
if det T ≤ 0
1
2
[
1 + max
i 6=j 6=k
1
3
(|tii|+ |tjj| − |tkk|)
]
if det T > 0
. (7)
One may now easily verify thatF̺ = 〈Ψ− |̺|Ψ−〉. This therefore implies that the maximal
fidelity for a canonical state is indeed attained within the standard protocol. Then for
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any given ρ the best strategy is to first transform ρ → ̺ and then use ̺ for the task of
teleportation [9].
We say that ρ is useful for quantum teleportation iff Fρ >
2
3
, where 2
3
is the maximum
fidelity obtained over all local strategies without entanglement [2, 12]. The conditions under
which a state is not useful and when it is are given by [4, 9]: (a) if det T ≥ 0, then Fρ ≤ 23 ,
(b) Fρ >
2
3
iff
3∑
i=1
|tii| > 1. The latter implies that the property det T < 0 is only necessary
but not sufficient for a state to be useful.
Remark. It could so happen that ρ is entangled but Fρ ≤ 23 . Such states cannot be directly
used for quantum teleportation as they offer no quantum advantage. However, any such
state can be transformed using appropriate trace-preserving LOCC (tp-LOCC) to another
state, where the new state now becomes useful [3, 9, 13].
Fidelity deviation
Recently [7] it has been pointed out that fidelity alone is not sufficient to fully characterize
a resource state because it does not give us any information on the fluctuations in fidelity,
if any, over the input states. Since fluctuations in general will be present, either due to the
imperfections in experiments, or even as a property inherent to the resource states, one must
also consider, in addition to the fidelity, a physically meaningful measure of fluctuations.
This measure was taken to be fidelity deviation, which is defined by the standard deviation
of fidelity over all input states [6, 7]:
δρ =
√〈
f 2ρ
〉− 〈fρ〉2, (8)
where
〈
f 2ρ
〉
=
´
f 2ψ,ρdψ. Physically, fidelity deviation is a measure of spread of fidelity values
around the average. Note that,
δ2ρ ≤ 〈fρ〉 − 〈fρ〉2 = 〈fρ〉 (1− 〈fρ〉) ≤
1
4
.
Thus 0 ≤ δρ ≤ 12 , where δρ = 0 iff fψ,ρ = 〈fρ〉 for all |ψ〉. Evidently, the ordered pair
(〈fρ〉 , δρ) is a more informative performance measure of ρ.
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Results
In this paper we wish to find the fidelity deviation in optimal quantum teleportation with
an arbitrary two-qubit state ρ. Since maximal fidelity Fρ is realized with the canonical form
of ρ, i.e. ̺, the fidelity deviation is accordingly defined as
∆ρ = δ̺. (9)
Note that, in general ∆ρ is not the same as the minimum of fidelity deviation, where the
minimum is taken over all LU strategies. This is because the strategy that maximizes 〈fρ〉
may not minimize δρ and vice versa. In other words, while teleportation using ̺ achieves
the maximal fidelity in the standard protocol, this strategy may not minimize the fidelity
deviation. Later we will see that there are instances where fidelity deviation is zero. And in
such instances, the optimal protocol in fact minimizes the fidelity deviation.
It is now clear that the ordered pair (Fρ,∆ρ) contains all the necessary information that
we need to characterize quantum teleportation with an arbitrary state ρ. While Fρ is given
by (7), no such formula is known for ∆ρ. In this paper, we derive the exact formula for ∆ρ.
This formula is given by a function of the eigenvalues of the T matrix and can be effectively
computed. So knowing the eigenvalues of T is sufficient to obtain both Fρ and ∆ρ. However,
to physically realize these values one must follow the optimal protocol.
Possible applications of our result can be found in physically meaningful situations where
∆ρ can serve as a useful filter to select the best possible states for teleportation. Here
we focus on the universality condition [6] ∆ρ = 0: the condition that all input states are
teleported equally well. We show that a state ρ is both useful, i.e. Fρ >
2
3
and universal, i.e.
∆ρ = 0 iff for every i = 1, 2, 3, |tii| = t > 13 , where tiis are the eigenvalues of the T matrix
associated with ρ.
To illustrate these results, we consider some well-known classes of two-qubit states. The
motivation is to find which states are both useful and universal and which are not. First,
we consider pure entangled states. Now we know that, if a state is maximally entangled,
then fidelity deviation must be zero because all input states are teleported with fidelity one.
But what if the state is not maximally entangled? We find that fidelity deviation is always
nonzero for such a state but decreases as entanglement of the state increases. So a pure
nonmaximally entangled state, although useful always [11], is never universal.
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Next we consider the Bell-diagonal states, i.e. the states that are diagonal in the Bell-
basis. The motivation comes from a recent result [7] that Werner states–a subset of all
Bell-diagonal states–exhibit zero fidelity deviation. Since a rank one Bell-diagonal state
is nothing but a maximally entangled state, we restrict ourselves to states with rank at
least two. Here we show that no Bell-diagonal state other than a Werner has zero fidelity
deviation. Thus entangled Werner states are the only states in the Bell-diagonal family that
are both useful and universal.
Finally, we consider the question of whether there exist non-Werner states with zero
fidelity deviation. We answer this in positive by giving specific examples of rank three and
four states that are both useful and universal. These states belong to the family of X-states
[14, 15].
The rest of the paper is arranged as follows. In Section II we derive the formula for
fidelity deviation for a canonical two-qubit state. In Section III we discuss the condition
of universality and compute fidelity deviations for pure entangled states and Bell-diagonal
states. Here we also discuss the examples of non-Werner states with zero fidelity deviation.
Finally, we conclude in Section IV.
II. FIDELITY DEVIATION FOR A TWO-QUBIT STATE
In what follows, we derive the fidelity deviation given by the formula (8) for a canonical
̺ (typically obtained from some two-qubit state ρ using LUs).
Expression for 〈f̺〉
To obtain an expression for the average fidelity 〈f̺〉, we essentially follow the steps given
in [4] with appropriate modifications where necessary.
We begin with the supposition that Alice and Bob share a canonical two-qubit state ̺.
And, moreover, Alice holds the input qubit prepared in some state |ψ〉 unknown to her.
First, Alice performs a measurement in the Bell basis
|Ψ0〉 = 1√
2
(|01〉 − |10〉) |Ψ1〉 = 1√
2
(|00〉 − |11〉)
|Ψ2〉 = 1√
2
(|00〉+ |11〉) |Ψ3〉 = 1√
2
(|01〉+ |10〉)
(10)
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on the two qubits she holds and sends two classical bits to Bob informing him about the
outcome. Subsequently, Bob applies an appropriate rotation σk to obtain the output state
ςk =
1
pk
TrAlice [(|Ψk〉〈Ψk| ⊗ σk) (|ψ〉〈ψ| ⊗ ̺) (|Ψk〉〈Ψk| ⊗ σk)] , (11)
where pk = Tr [(|Ψk〉〈Ψk| ⊗ I) (|ψ〉〈ψ| ⊗ ρc)] is the probability of the kth outcome of Alice’s
measurement, k ∈ {0, . . . , 3}, and the partial trace is taken over Alice’s qubits. Now using
the Bloch sphere representation |ψ〉〈ψ| = 1
2
(I + a · σ), where a is a unit vector in R3 and
the Hilbert-Schmidt representation of ̺, Eq. (11) can be written as
pkςk =
1
8
{
[1 + (a, Tkr)] I +O
†
k
(
s+ T †Tka
)
· σ
}
, (12)
where Tks correspond to the projectors |Ψk〉〈Ψk| and are given by: T0 = diag (−1,−1,−1),
T1 = diag (−1, 1, 1), T2 = diag (1,−1, 1), T3 = diag (1, 1,−1); r, s, T correspond to ̺; Oks
are rotations in R3 obtained via
σk (n · σ) σk =
(
O
†
kn
)
· σ, (13)
k = 0, . . . , 3. From (13) it follows that
O
†
k = −Tk, (14)
for k = 0, . . . , 3. Then (12) can be written as
pkςk =
1
8
{
[1 + (a, Tkr)] I −
(
Tks+ T
†
a
)
· σ
}
, (15)
where we have used the fact that Tk commutes with T
†.
Now fidelity is given by
fψ,̺ =
3∑
k=0
pk 〈ψ |ςk|ψ〉 = Tr
[(
3∑
k=0
pkςk
)
(|ψ〉〈ψ|)
]
. (16)
Using |ψ〉〈ψ| = 1
2
(I + a · σ) and (15), the above equation can be written as
fψ,̺ =
1
8
3∑
k=0
[
1 +
{
a
TTk (r − s)− aTTa
}]
. (17)
To integrate (17) over all input states we need Schur’s orthogonality lemma on Rd [4, 6]: For
a given group G, let Og be an irreducible orthogonal representation of any element g ∈ G.
Then for every matrix X on Rdˆ
G
dgOgXOg = 1
d
Tr (X) Id, (18)
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where dg is the normalized Haar measure
(´
G
dg = 1
)
and Id is the identity matrix. In our
case, G is the rotation group O (3) and the vectors a ∈ R3. By choosing z as the reference
unit vector, we can write a = Raz, where Ra is the rotation matrix. Then the average over
the Bloch surface is equal to the average over the rotation group, i.e.
〈f̺〉 = 1
8
3∑
k=0
ˆ
da
[
1 +
{
a
TTk (r − s)− aTTa
}]
Now
´
daaTTk (r − s) = 0, and
´
da
(
a
TTa
)
= 1
3
TrT , where to evaluate the latter we have
used (18). Then,
〈f̺〉 = 1
2
(
1− 1
3
TrT
)
(19)
One can now easily verify that the formulas (7) are indeed obtained for the conditions
det T ≤ 0 and det T > 0.
Expression for
〈
f2̺
〉
Our starting point is the expression for fidelity given by (17). For convenience, define the
vector xk = Tk (r − s). Then
fψ,̺ =
1
8
3∑
k=0
(
1 + aTxk − aTTa
)
(20)
=
1
2
(
1− aTTa)+ 1
8
3∑
k=0
a
T
xk. (21)
Squaring both sides we get
f 2ψ,̺ =
1
4
(
1− aTTa)2 + 1
8
(
1− aTTa)
(
3∑
k=0
a
T
xk
)
+
1
64
∑
k,k′
a
T
xka
T
xk′. (22)
Now the average of f 2ψ,̺ over all possible input states is the same as the average over all
Bloch vectors a on the Bloch surface. Therefore,
〈
f 2̺
〉
=
1
4
ˆ
da
[(
1− aTTa)2 + 1
2
(
1− aTTa)
(
3∑
k=0
a
T
xk
)
+
1
16
∑
k,k′
a
T
xka
T
xk′
]
,(23)
where da is the normalized Haar measure over the Bloch surface. Now some of the terms
will not contribute to the above integral. In particular, the last two terms identically vanish.
So we have 〈
f 2̺
〉
=
1
4
ˆ
da
[
1− 2aTTa+ (aTTa) (aTTa)] . (24)
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Now using the identity (see, for e.g [6])
(
a
TTa
) (
a
TTa
)
=
(
a
T ⊗ aT ) (T ⊗ T ) (a⊗ a) ,
we can write (24) as
〈
f 2̺
〉
=
1
4
ˆ
da
[
1− 2aTTa+ (aT ⊗ aT ) (T ⊗ T ) (a⊗ a)] . (25)
To evaluate the integral we need Schur’s lemma on Rd (18) and also the generalization on
R
d ⊗ Rd [6]: For every matrix X on Rd ⊗ Rd
ˆ
G
dg (Og ⊗Og)X
(OTg ⊗OTg ) = AI + BD + CP, (26)
where P is a swap matrix defined by P (xi ⊗ xj) = (xj ⊗ xi) and written as P =∑d−1
i,j=0 (xj ⊗ xi) (xi ⊗ xj)T , and D =
(∑d−1
i=0 xi ⊗ xi
)(∑d−1
j=0 xj ⊗ xj
)
, where {xi} is an
orthonormal basis of Rd and the coefficients A, B, C are given by
A =
(d+ 1)Tr (X)− Tr (XD)− Tr (XP )
d (d− 1) (d− 2) ,
B =
−Tr (X) + (d+ 1)Tr (XD)− Tr (XP )
d (d− 1) (d− 2) ,
C =
−Tr (X)− Tr (XD) + (d+ 1)Tr (XP )
d (d− 1) (d− 2) .
Since in our case G is the rotation group O (3) and the vectors a ∈ R3, we can write
a = Raz for some rotation matrix Ra, where z is our reference unit vector, Then the average
over the Bloch surface is equal to the average over the rotation group. To evaluate (25) we
consider the integrals separately. First,
ˆ
da
(
1− 2aTTa) = 1− 2
3
TrT, (27)
where we have used (18). Next,
ˆ
da
(
a
T ⊗ aT ) (T ⊗ T ) (a⊗ a) = 1
15
[Tr (T ⊗ T ) + Tr (T ⊗ TD) + Tr (T ⊗ TP )]
=
1
15
[
(TrT )2 + Tr
(
TT †
)
+ TrT 2
]
, (28)
where we have used (26). Now using (27) and (28) in (25) we arrive at
〈
f 2̺
〉
=
1
4
[
1− 2
3
TrT +
1
15
{
(TrT )2 + Tr
(
TT †
)
+ TrT 2
}]
. (29)
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Fidelity deviation δ̺
From (19) we get
〈f̺〉2 = 1
4
[
1− 2
3
TrT +
1
9
(TrT )2
]
. (30)
Now putting (29) and (30) in the formula for fidelity deviation (8) we finally obtain
δ̺ =
1√
30
√
TrT 2 − 1
3
(TrT )2. (31)
Eq. (31) is our desired formula.
Remark. In the entire derivation the only property of ̺ that we used is that T is diagonal.
So the derivation in fact holds for any density matrix with diagonal T .
Let us now obtain the explicit expressions for the cases det T ≤ 0 and det T > 0. Recall
that T is diagonal with eigenvalues λi |tii|, i = 1, 2, 3, where λi ∈ {−1,+1}. Then Eq. (31)
becomes
δ̺ =
1
3
√
10
√√√√2 3∑
i=1
|tii|2 − 2
∑
i<j
λiλj |tii| |tjj|. (32)
Now, if det T ≤ 0, λi = −1, i = 1, 2, 3, and if det T > 0, then λi = −1, λj = −1, λk = +1
for any choice of i 6= j 6= k ∈ {1, 2, 3} satisfying |tii| ≥ |tjj| ≥ |tkk|. Using these properties
in (32) we get
δ̺ =


1
3
√
10
√
3∑
i<j=1
(|tii| − |tjj|)2 if det T ≤ 0
min
i 6=j 6=k
1
3
√
10
√
(|tii| − |tjj|)2 + (|tii|+ |tkk|)2 + (|tjj|+ |tkk|)2 if det T > 0
. (33)
where the minimum taken in the second expression (for det T > 0) is in fact obtained for
the same set of i, j, k, i 6= j 6= k that maximizes the average fidelity.
This completes the derivation of the fidelity deviation.
Summary
The formulas (33) and (7) completely characterize quantum teleportation with an arbi-
trary two-qubit state ρ within the standard protocol and local unitary operations. The table
below summarizes the results.
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ρ Fρ ∆ρ
detT < 0 1
2
(
1 + 1
3
3∑
i=1
|tii|
)
> 2
3
iff
3∑
i=1
|tii| > 1 1
3
√
10
√
3∑
i<j=1
(|tii| − |tjj|)2
detT = 0 1
2
(
1 + 1
3
3∑
i=1
|tii|
)
≤ 2
3
1
3
√
10
√
3∑
i<j=1
(|tii| − |tjj|)2
detT > 0 1
2
[
1 + 1
3
max
i 6=j 6=k
(|tii|+ |tjj| − |tkk|)
]
≤ 2
3
min
i 6=j 6=k
1
3
√
10
√
(|tii| − |tjj|)2 + (|tii|+ |tkk|)2 + (|tjj|+ |tkk|)2
Remark. From the above table we see that for any given ρ, we only need to know the
eigenvalues of the T matrix to compute Fρ and ∆ρ. However, one should keep in mind that
the optimal values are physically realized with the canonical form ̺.
III. UNIVERSALITY CONDITION AND EXAMPLES
By definition, a state which is both useful and universal for quantum teleportation must
satisfy the conditions Fρ >
2
3
and ∆ρ = 0 simultaneously. This implies that the conditions
3∑
i=1
|tii| > 1 and
3∑
i<j=1
(|tii| − |tjj|)2 = 0 must hold.
Proposition 1. Let ρ be a two-qubit state. Then ρ is useful and universal for quantum
teleportation iff for every i = 1, 2, 3, |tii| = t > 13 .
The universality condition implies that |tii|s must be all equal. Let it be t. Then t > 13
follows from the condition that the state is useful iff
3∑
i=1
|tii| > 1.
We now study the properties of fidelity deviation for some well-known classes of two-qubit
states.
Fidelity deviation for pure entangled states
We know that a two-qubit pure entangled state |φ〉 can be written in the Schmidt form
as a |0′0′〉+ b |1′1′〉, where a, b ∈ R, a ≥ b > 0, a2 + b2 = 1, and {|0′0′〉 , |1′1′〉} represent the
Schmidt basis. The eigenvalues of the T matrix are easily obtained, t11 = 2ab, t22 = −2ab,
t33 = 1. The maximal fidelity is given by Fφ =
2
3
(1 + ab) > 2
3
[11] and the fidelity deviation
∆φ =
1√
5
[
1− 2
3
(1 + ab)
]
=
1√
5
[1− Fφ] . (34)
11
We see that ∆φ 6= 0 as long as Fφ 6= 1, i.e. as long as |φ〉 is not maximally entangled,
and moreover, ∆φ decreases as Fφ increases. So only maximally entangled states are both
useful and universal for teleportation. Now noting that the concurrence [16] of |φ〉 is given
by C (φ) = 2ab, we can also write (34) as
∆φ =
1
3
√
5
[1− C (ψ)] , (35)
which shows that ∆φ decreases with increase in entanglement. Moreover, from either of the
above two expressions we get
0 ≤ ∆ψ < 1
3
√
5
. (36)
Fidelity deviation for Bell-diagonal states
The Bell-basis is defined in (10). A Bell-diagonal state ρBD can be written as
ρBD =
3∑
i=0
pi |Ψi〉 〈Ψi| , (37)
where 0 ≤ p3 ≤ p2 ≤ p1 < 1, and
3∑
i=0
pi = 1. The Hilbert-Schmidt representation of ρBD is
given by
ρBD =
1
4
(
I ⊗ I +
3∑
i=1
tiiσi ⊗ σi
)
,
where
t11 = − [p0 − (p2 + p3 − p1)]
t22 = − [p0 − (p1 + p3 − p2)] (38)
t33 = − [p0 − (p1 + p2 − p3)]
Now ρBD is entangled iff p0 > p1 + p2 + p3 (equivalently, p0 >
1
2
). Then from (38) it follows
that t11, t22, t33 < 0. Hence, det T < 0.
Using the formulas for fidelity deviation and maximal fidelity from the table we find that
∆BD =
2
3
√
10
√
(p1 − p2)2 + (p2 − p3)2 + (p1 − p3)2, (39)
and
FBD =
2
3
(
1
2
+ p0
)
>
2
3
12
since p0 >
1
2
.
For rank four states (39) holds. For rank three states we have p3 = 0 and therefore,
∆BD =
2
3
√
10
√
(p1 − p2)2 + p22 + p21 . And for rank two states we have p2 = p3 = 0 and
therefore, ∆BD =
2
3
√
5
p1.
Now observe that, all rank two and rank three states have nonzero fidelity deviation. And
the only rank four states with zero fidelity deviation are those satisfying p1 = p2 = p3 =
1−p0
3
.
But these states are nothing but Werner states. So in the Bell-diagonal family only entangled
Werner states are both useful and universal for quantum teleportation.
Non-Werner states with zero fidelity deviation
In the Hilbert-Schmidt representation, the Bell-diagonal states are those with local vectors
r, s = 0. So states with ∆ρ = 0 but which do not belong to the Bell-diagonal family must
have at least one of the local vectors nonzero. In fact, many such states do exist. Here we
give two examples from the class of X-states [14, 15].
Example 1. Consider the family of rank three states:
ρ = p |Ψ0〉 〈Ψ0|+ 1− p
2
(|00〉 〈00|+ |01〉 〈01|) , 0 < p < 1
where |Ψ0〉 is the singlet state. One can easily verify that the states are entangled for all
values of p.
The Hilbert-Schmidt decomposition is given by
ρ =
1
4
[
I ⊗ I + (1− p)σ3 ⊗ I − p
3∑
i=1
σi ⊗ σi
]
.
Note that, det T < 0 as all the eigenvalues are equal to −p, where p > 0. And since the
eigenvalues are equal, ∆ρ = 0. Using the formula for maximal fidelity from the table we find
that Fρ =
1
2
(1 + p).
Now observe that, the states are useful for quantum teleportation iff p > 1
3
despite being
entangled in the range 0 < p ≤ 1
3
. So it is only when p > 1
3
that the states are both useful
and universal.
Example 2. Our second and final example is a family of states of rank four:
ρ = p |Ψ0〉 〈Ψ0|+ 1− p
4
(|00〉 〈00|+ |11〉 〈11|) + 1− p
2
|01〉 〈01| , 0 < p < 1.
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The Hilbert-Schmidt decomposition is given by
ρ =
1
4
[
I ⊗ I + 1− p
2
(σ3 ⊗ I − I ⊗ σ3)− p
3∑
i=1
σi ⊗ σi
]
.
The states are entangled iff 1
3
< p ≤ 1. Since t11 = t22 = t33 = −p, ∆ρ = 0. Maximal fidelity
is given by Fρ =
1
2
(1 + p) > 2
3
for p > 1
3
. So in this case, the states are both useful and
universal iff they are entangled.
IV. CONCLUSIONS
Quantum teleportation with a two-qubit state can be characterized by maximal fidelity
and fidelity deviation. The formula for maximal fidelity has been known [2, 4, 9] for many
years now but only recently the role of fidelity deviation was emphasized [7]. In this paper,
we obtained the formula for fidelity deviation in quantum teleportation with an arbitrary
two-qubit state within the standard protocol supplemented by local unitary operations.
The formula is given by a function of the eigenvalues of the correlation matrix (T matrix)
of the two-qubit state under consideration and can be exactly computed. Therefore, for any
two-qubit state we can now determine the maximal fidelity as well as the fidelity deviation.
We obtained a necessary and sufficient condition for a resource state to be useful and
universal (zero fidelity deviation) for quantum teleportation. These results were illustrated
with a few examples. We found that a pure entangled state is both useful and universal iff
it is maximally entangled. We also showed that entangled Werner states are the only states
in the Bell-diagonal family that are both useful and universal but there exist non-Werner
states with similar property as well.
We expect the results in this paper will find meaningful applications in scenarios where
fidelity deviation can be used as a filter to select optimal resource states. While we have
considered one such application, namely, universality in quantum teleportation, we think
there could be many other possibilities. For example, one might want to find the optimal
states from a given set S of states where the set is well-defined with respect to some physical
property.
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